Reconstruction of $f(T)$-gravity in the absence of matter by Hanafy, W. El & Nashed, G. L.
ar
X
iv
:1
41
0.
24
67
v3
  [
he
p-
th]
  2
7 M
ay
 20
16
Reconstruction of f(T )-gravity in the absence of matter
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We derive an exact f(T ) gravity in the absence of ordinary matter in Friedmann-Robertson-
Walker (FRW) universe, where T is the teleparallel torsion scalar. We show that vanishing of the
energy-momentum tensor T µν of matter does not imply vanishing of the teleparallel torsion scalar, in
contrast to general relativity, where the Ricci scalar vanishes. The theory provides an exponential
(inflationary) scale factor independent of the choice of the sectional curvature. In addition, the
obtained f(T ) acts just like cosmological constant in the flat space model. Nevertheless, it is
dynamical in non-flat models. In particular, the open universe provides a decaying pattern of
the f(T ) contributing directly to solve the fine-tuning problem of the cosmological constant. The
equation of state (EoS) of the torsion vacuum fluid has been studied in positive and negative Hubble
regimes. We study the case when the torsion is made of a scalar field (tlaplon) which acts as torsion
potential. This treatment enables to induce a tlaplon field sensitive to the symmetry of the spacetime
in addition to the reconstruction of its effective potential from the f(T ) theory. The theory provides
six different versions of inflationary models. The real solutions are mainly quadratic, the complex
solutions, remarkably, provide Higgs-like potential.
PACS numbers: 98.80.-k, 98.80.Qc, 04.20.Cv, 98.80.Cq.
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I. INTRODUCTION
Gravity is one of the most ancient powers humans’ ex-
perience. However, its nature looks different from the
other fundamental interactions. In modern science, grav-
ity is one of the fundamental interactions in nature. On
the cosmological scale, gravity as a long range interac-
tion is dominant. Unlike other interactions it shows an
attraction behaviour only. But recent astrophysical and
cosmological observations indicate an accelerated cosmic
expansion. How does an attraction force of gravity leads
the universe to an accelerated expansion? On the other
hand, gravitational field is a manifestation of a matter
source. Again, how does an empty universe model of de
Sitter (gravitational treatment) provide an accelerated
expanding universe? All of these quests tell that gravity
may have a repulsive side as well! What is the source,
then, of this repulsion? The general relativity (GR) the-
ory produces gravity as a curvature in a spacetime. This
representation of gravity, however, is successful on the as-
trophysical scale, it fails to predict the accelerated cosmic
expansion which may lead finally to introduce a cosmo-
logical constant to adapt GR to the cosmological obser-
vations. Introducing a cosmological constant provides a
source to produce the required repulsion term in Einstein
field equations, nevertheless, it leads to one of the ma-
jor problems in physics called the cosmological constant
problem. Does the cosmological constant represent a real
problem? or it just alarms us that we need to reexamine
our knowledge of gravity. If GR formulation is restricted
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by the structure of Riemannian geometry, do other ge-
ometries provide us with different scopes to reexamine
gravity?
Teleparallel geometry has provided a new tool to ex-
amine gravity. Within this geometry a theory of gravity
equivalent to GR, the teleparallel theory of general rel-
ativity (TEGR), has been formulated [1]. The theory
introduced a new invariant (teleparallel torsion scalar)
constructed from the torsion tensor instead of Ricci in-
variant in the Einstein-Hilbert action. Although, the two
theories are equivalent in their field equations level, they
have different qualities in their Lagrangian level. Un-
like Ricci scalar the torsion scalar is not invariant under
local Lorentz transformation (LLT) [2, 3]. The Born-
Infeld-modified teleparallel gravity is one of the attractive
variants of TEGR. The theory predicts the early cosmic
inflation without an inflaton field [4, 5] which reflects a
repulsive side of gravity. Another interesting extension
of TEGR is the f(T ) gravity theories, this modification
is by replacing the torsion scalar T by an arbitrary func-
tion f(T ) just similar to the f(R) extension of Einstein-
Hilbert action. In a particular class of these theories,
also, late cosmic acceleration could be accounted for with
no need to dark energy (DE) [6–9]. Although the equiv-
alence of the field equations between GR and TEGR,
we lose this equivalence in f(R) and f(T ) generaliza-
tions. In addition to the lake of the invariance of the
f(T ) field equations under LLT, the f(T ) theories are
not conformally equivalent to TEGR plus a scalar field
unlike the f(R) theories which are conformally equivalent
to Einstein-Hilbert action plus a scalar field [10].
The f(T ) theories have paid more attention in the last
decade to exploring different aspects in astrophysics [11–
27] and in cosmology [28–38]. Some applications show
2interesting results, e.g. presenting bouncing solutions
avoiding trans-Planckian problems [11, 39–41]. A recent
promising variant is the modified teleparallel equivalent
of Gauss-Bonnet gravity and its applications [42–44].
In this article, we reconsider the empty universe case
when it is governed by f(T ) gravity. This is similar to de
Sitter universe which is devoid of matter energy contain-
ing only vacuum energy. Although, de Sitter solution was
considered as an artificial case and has no physical signif-
icance, it becomes a foundation of many models in mod-
ern cosmology. As is well known the vacuum solutions do
not require the teleparallel torsion to vanish. This may
give a new insight on gravity affording a forward step to
understand what is missing. The work is organized as fol-
lows: In Section II, we apply the general relativistic field
equations to an empty FRW universe showing the need
for a cosmological constant to afford a repulsive force in
Einstein’s field equations. In Section III, we review the
teleparallel gravity and its extension to f(T ) gravity the-
ories. In Section IV, we apply the f(T ) field equations
to the FRW universe in the absence of matter, obtaining
an exact solution of an exponential scale factor, indepen-
dent of the value of the sectional curvature k, in addition
to exact f(T ) gravity. The theory is consistent with the
inflationary universe. We show that the torsion density
explains perfectly the missing ingredient of the vacuum.
In Section V, we show that the decaying behavior of the
obtained f(T ) in the open universe model contributes to
solve the cosmological constant problem. In Section VI,
we investigate the EoS of the effective torsion (vacuum)
gravity. Moreover, we apply a special treatment by con-
sidering the case when the torsion potential is made of a
tlaplon field. This treatment enabled us to construct a
scalar field sensitive to the vierbein (spacetime symme-
try) with potential constructed from the adopted f(T )
gravity theory. In Section VII, we reformulate the ob-
tained f(T ) theory in terms of a scalar field in spatially
non-flat models. Final remarks are given in Section VIII.
II. DE SITTER COSMOLOGY
The initial motivation of using the cosmological con-
stant term by Einstein is to provide a static universe
filled with matter. In 1922, Friedmann has shown that
imposing the cosmological constant in the general relativ-
ity (GR) field equations does not provide a stable static
universe. Later in 1929, Friedmann’s result has been sup-
ported by Edwin Hubble observations which clarify the
expanding pattern of the universe. On the other hand, de
Sitter showed that there is another solution to Einstein’s
field equations corresponds to an empty universe. Ed-
dington referred to de Sitter’s model as motion without
matter in contrast to Einstein’s model which has matter
without motion. Although, Einstein has omitted the cos-
mological constant referring to it as his biggest blunder,
the later astronomical observations of high-redshift Type
Ia supernovae calling the cosmological constant back to
life [45]. However, de Sitter model was not easy to ex-
plained at that time, his solution had been considered as
a toy model with no physical significance at that time,
now it becomes a foundation for many cosmological mod-
els. We show here a motivation of using the cosmological
constant as a vacuum density in the GR to explain the
accelerated cosmic expansion. The FRW metric of an
isotropic and homogeneous universe can be written in
spherical polar coordinates (t, r, θ, φ) as
ds2 = dt2 − a2(t)
[
dr2
1− kr2 + r
2dθ2 + r2 sin2(θ)dφ2
]
,
(1)
where a(t) is the scale factor. To setup our notations:
we denote the reduced Planck mass as Mp, the Newton
gravitational constant as G, the speed of light in vacuum
as c and the reduces Planck constant as ~. Where Mp is
related to G by the relationMp =
√
~c/8piG. We assume
the natural units in which G = c = ~ = 1. Einstein’s field
equations are
Gµν := Rµν − 1
2
gµνR = −8piTµν , (2)
where Gµν is Einstein tensor, Rµν is Ricci tensor, R is
Ricci scalar and Tµν := diag(ρM ,−pM ,−pM ,−pM) is
the energy-material tensor. So the Friedmann dynam-
ical equations are
3
(
a˙
a
)2
= 3H2 = 8piρM − 3 k
a2
, (3)
3
(
a¨
a
)
= 3qH2 = −4pi (ρM + 3pM ) , (4)
where the dot expresses the differentiation with respect
to time, q(= −aa¨a˙2 ) is the deceleration parameter andH(=
a˙
a ) is the Hubble parameter. We take ρ = ρc, where ρc is
the critical density of the universe when it is full of matter
and spatially flat (k = 0), then ρc =
3H2
8pi . Equation (3)
can be rewritten as
ΩM +Ωk = 1, (5)
where ΩM =
ρM
ρc
= ρM3H2/8pi represents the matter density
parameter and Ωk(=
−k
a2H2 ) is the curvature energy den-
sity parameter. In the GR, Ricci scalar field plays the
main role to describe the gravity. We consider now an
empty universe whereas ρM = 0 and pM = 0, one can
easily find that the vanishing of the energy-momentum
tensor (Tµν = 0) implies the vanishing of Ricci tensor and
Ricci scalar (R = 0) as well.
Unfortunately, this does not provide us with informa-
tion about the vacuum density; so we finally have to ac-
cept introducing of the cosmological constant Λ in (2).
This can be achieved by the replacement ρM → ρM + ρΛ
and pM → pM + pΛ, where ρΛ and pΛ are the cosmologi-
cal constant density and pressure [46]. This gives rise to
de Sitter solution of an exponentially expanding universe
a(t) ∝ eHt in which the Hubble constant is related to the
3cosmological constantH =
√
Λ/3. It is easy to show that
the cosmological constant produces the negative gravita-
tional pressure powering the accelerated expansion of the
empty universe.
Since, de Sitter universe is devoid of matter energy con-
taining only vacuum energy, the cosmological constant in
de Sitter universe is sometimes thought of as the energy
density of empty space. In quantum physics this can
be thought of as a type of zero-point-energy. However,
observations suggest that ρΛ ∼ 0.7ρc putting an upper
limit of the cosmological constant to be ∼ 10−35s−2 [47].
Nevertheless, the zero-point energy calculations of the
quantum physics predict much larger value exceeds the
upper limit by ∼ 120 orders of magnitude. This dis-
crepancy is known as the cosmological constant problem.
Although this problem is considered as the worst predic-
tion in the history of the theoretical physics, many au-
thors have tried vastly to solve this problem in vain. A
new gravitation theory is possibly one of the right tracks
to solve this problem.
III. TELEPARALLELISM AS AN
ALTERNATIVE GRAVITY DESCRIPTION
Actually, Riemannian and teleparallel geometries
might be considered as two extremes of Riemann-Cartan
geometry. The first is powered by a torsionless connec-
tion (Levi-Civita), the second is powered by curvatureless
connection (Weitzenbo¨ck). However, the double contrac-
tion of the first Bianchi identity of the teleparallel geom-
etry can be delivered in the following form
R ≡ −T − 2∇αTναν ,
where Tσ
µν is the torsion tensor of type (1,2), T is
called the teleparallel torsion scalar and ∇ is the covari-
ant derivative associated to the symmetric affine (Levi-
Civita) connection. The integral of the total derivative
∇αTναν over the whole space is a boundary term so that
its contribution might be discarded when the Lagrangian
formalism is adopted. Accordingly, replacing Ricci scalar
R by the teleparallel torsion scalar T in Einstein-Hilbert
action provides a teleparallel equivalent theory of the gen-
eral relativity (TEGR) [1]. Similar to f(R) theories, the
TEGR has been generalized to f(T ) gravity theories [6–
9]. In what follows we give a brief description of the
teleparallel geometry.
A. Installing Weitzenbo¨ck connection
The formulation of GR within the Riemannian ge-
ometry is powered by the Levi-Civita connection which
gives only the attraction gravity. Nevertheless, other ge-
ometries with different qualities may give the other one,
the repulsive side [48, 49]. It is known that the Levi-
Civita connection plays the role of the “displacement
field” in the GR, so we expect different qualities when
using the Weitzenbo¨ck connection of the teleparallel ge-
ometry. This space is described by as a pair (M, hi),
where M is an n-dimensional smooth manifold and hi
(i = 1, · · · , n) are n independent vector fields defined
globally on M . The vector fields hi are called the paral-
lelization vector (vielbein) fields. In the four dimensional
manifold the parallelization vector fields are called the
tetrad (vierbein) field. They are characterized by
Dνhi
µ = ∂νhi
µ + Γµλνhi
λ = 0, (6)
where ∂ν :=
∂
∂xν and Dν is the covariant derivative as-
sociated to the nonsymmetric affine (Weitzenbo¨ck) con-
nection [50]
Γλµν := hi
λ ∂νh
i
µ. (7)
However, the vielbein space admits natural connections
other than Weitzenbo¨ck, the later uniquely fulfills the
teleparallelism condition (6). It is worth to see differ-
ent approaches to study gravity by examining connec-
tions other than Weitzenbo¨ck [51–58], which may have an
interesting astrophysical and cosmological applications
[59–62]. One can show that equation (6) implies the
metricity condition. Also, the curvature tensor of the
connection (7) vanishes identically. The metric tensor
gµν is defined by
gµν := ηijh
i
µh
j
ν , (8)
where ηij = (+,−,−,−) is the metric of Minkowski
spacetime. We note that, the tetrad field hi
µ determines
a unique metric gµν , while the inverse is incorrect. The
torsion T and the contortion K tensor fields are
Tαµν := Γ
α
νµ − Γαµν = hiα
(
∂µh
i
ν − ∂νhiµ
)
,
Kµνα := −1
2
(T µνα − T νµα − Tαµν) . (9)
We next define the torsion scalar of the TEGR as
T := TαµνSα
µν , (10)
where the tensor Sα
µν is defined as
Sα
µν :=
1
2
(
Kµνα + δ
µ
αT
βν
β − δναT βµβ
)
, (11)
which is skew symmetric in the last two indices. In order
to get the physical meaning of the connection coefficients
as the displacement field, we use (9) to reexpress the
Weitzenbo¨ck connection (7) as
Γµνρ =
{
µ
νρ
}
+Kµνρ. (12)
By careful looking at the above expression of the new
displacement field, it consists of two terms. The first is
the Levi-Civita connection which consists of the gravi-
tational potential (metric coefficients, gµν) and its first
derivatives with respect to the coordinates, while the sec-
ond term is the contortion which consists of the tetrad
4vector fields and its first derivatives with respect to the
coordinates. In this sense, we find that the first term
contributes to the displacement field as the usual attrac-
tive force of gravity, while the second term contributes
as a repulsive force. Now we can see how teleparallel ge-
ometry adds a new quality (torsion or contortion) to the
spacetime allowing repulsive side of gravity to showup.
B. f(T ) field equations
Similar to the f(R) theory one can define the action
of f(T ) theory as
L(hiµ,ΦA) =
∫
d4x h
[
M2p
2
f(T ) + LMatter(ΦA)
]
,
(13)
where h =
√−g = det (haµ), ΦA are the matter fields.
The variation of (13) with respect to the field hiµ requires
the following field equations [6]
Sµ
ρν∂ρTfTT +
[
h−1hiµ∂ρ (hhi
αSα
ρν)− TαλµSανλ
]
fT
−1
4
δνµf = −4piTµν , (14)
where f ≡ f(T ), fT = ∂f(T )∂T , fTT = ∂
2f(T )
∂T 2 . Although
the quantitative equivalence between TEGR and GR,
they are qualitatively not equivalent. For example, the
Ricci scalar is invariant under local Lorentz transforma-
tion, while the total derivative term is not, so the torsion
scalar. Accordingly, the f(T ) theories are not invariant
under local Lorentz transformation [2, 3]. On the other
hand, it is will known that f(R) theories are conformally
equivalent to Einstein-Hilbert action plus a scalar field.
In contrast, the f(T ) theory cannot be conformally equiv-
alent to TEGR plus scalar field [10].
IV. f(T ) COSMOLOGY
We apply the f(T ) field equations (14) to the FRW uni-
verse of a spatially homogeneous and isotropic spacetime,
which can be described by the tetrad [63]. In spherical
polar coordinates (t, r, θ, φ) the tetrad can be written
as follows:
(hi
µ) =

1 0 0 0
0
α sin θ cos φ
4a(t)
β cos θ cos φ−4r√k sinφ
4ra(t)
− β sinφ+4r
√
k cos θ cosφ
4ra(t) sin θ
0
α sin θ sinφ
4a(t)
β cos θ sinφ+4r
√
k cos φ
4ra(t)
β cos φ−4r
√
k cos θ sinφ
4ra(t) sin θ
0 α cos θ
4a(t)
−β sin θ
4ra(t)
√
k
a(t)

 ,
(15)
where α = 4+kr2 and β = 4−kr2. We take the case of an
isotropic fluid such that the energy-momentum tensor is
Tµν = diag(ρM ,−pM ,−pM ,−pM ). The tetrad (15) has
the same metric as FRW metric (1). Applying the field
equations (14) to the tetrad fields (15) gives
T 00 ≡ ρM =
1
16pi
(f + 12H2fT ), (16)
T (a)(a) ≡ pM = −
1
16pi
[
(f + 12H2fT )
+ 4H˙(fT − 12H2fTT )
− 4k
a2
(fT + 12H
2fTT )
]
, (17)
where the index (a) = 1, 2, 3, while ρM and pM are the
proper density and pressure of the matter. In order to in-
troduce the torsion contribution to the density and pres-
sure in the Friedmann dynamical equations we replace
ρM → ρM + ρT and pM → pM + pT . Thus the f(T ) field
equations (14) can be rewritten in terms of the Fried-
mann equations similar to GR as
3H2 ≡ 8piρc − 3 k
a2
= 8pi(ρM + ρT )− 3 k
a2
, (18)
3qH2 ≡ −4pi[ρc + 3ptot]
= −4pi [(ρM + ρT ) + 3(pM + pT )] , (19)
where ρc = ρM + ρT and ptot = pM + pT are the critical
density and the total pressure of the universe. The above
equations are the modified Friedmann equations in the
FRW universe governed by f(T ) gravity. The torsion
contributes to the energy density and pressure as [33]
ρT =
1
8pi
(
3H2 − f/2− 6H2fT + 3k
a2
)
, (20)
pT =
−1
8pi
[
k
a2
(1 + 2fT + 24H
2fTT ) + 2H˙ + 3H
2
− f/2− 2(H˙ + 3H2)fT + 24H˙H2fTT
]
. (21)
From equations (16), (17), (20) and (21) one can show
that the Friedmann equations (3) and (4) are invari-
ant under the transformation ρM → ρM + ρT and
pM → pM + pT . We, also, note that in non-flat cases
T = −6H2 + 6k/a2, this implies the inclusion of a cur-
vature term in ρT to allow its vanishing to match the
TEGR limit. In more details, we find that equations
(16)-(21) can perform the following cases: (i) The case
of f(T ) = T , the torsion contribution (ρT , pT ) vanishes,
while ρM and pM reduce to the Friedmann equations of
GR. (ii) The case of (k = 0, f(T ) 6= T ), it reduces to
[64]. (iii) The case of (k 6= 0, f(T ) 6= T ), this case shows
the dynamical evolution in non-flat models [33]. We as-
sume the EoS parameters ωi = pi/ρi, where i = M,T for
matter and torsion components, respectively. From (18)
and (19) we write the continuity equation of the universe
ρ˙c + 3H(ρc + ptot) = 0.
It is convenient to introduce the effective EoS
ωtot =
∑
Ωiωi,
5where Ωi = ρi/ρc. We require the matter continuity
equation
ρ˙M + 3H(1 + ωM )ρM = 0,
where matter EoS parameter ωM = 1/3 for radiation and
ωM = 0 for dust. Consequently, we write the continuity
equation of the torsion contribution as
ρ˙T + 3H(1 + ωT )ρT = 0,
where the torsion EoS parameter, using (20) and (21), is
given by
ωT = pT /ρT = −1 + 2
3
[
(1− fT + 12H2fTT )H˙
− (1 − fT − 12H2fTT )k/a2
]
/[
f/6− (1 + 2fT )H2 − k/a2
]
. (22)
A. Reconstructing f(T ) from inflationary scene
As shown in Section II that de Sitter related Hub-
ble parameter directly to the cosmological constant by
setting ρM = pM = 0 in Einstein’s field equations. In
this sense, the cosmological constant in de Sitter uni-
verse is sometimes thought of as the energy density of
empty space. On the other hand, it is known that the
choice of f(T ) = constant enforces the f(T ) field equa-
tions to produce a cosmological constant. In this work
we, alternately, use the de Sitter approach by assuming a
vanishing energy-momentum tensor T µν = 0 of an empty
space not by setting f(T ) = constant. Thus we can re-
construct f(T ) in the absence of matter that can give
rise to a de Sitter solution (ρM = 0, pM = 0) by solving
equations (16) and (17). As f(T ) in FRW spacetime is a
function of time f(T → t), one easily can show that
fT = f˙/T˙ , fTT =
(
T˙ f¨ − T¨ f˙
)
/T˙ 3. (23)
Substituting from (23) into (16) and (17), then by solving
the system we get: The scale factor as
a(t) = a0e
H0(t−t0), (24)
and the f(T ) as
f(t) = Λ exp
(−ke−2H0(t−t0)
2a20H
2
0
)
, (25)
where Λ and a0 are constants of integration with an ini-
tial condition H0 := H(t0). In FRW cosmology the scale
factor is the only dynamical variable, if we restrict our-
selves to the GR. So we expect three different forms of
the scale factor according to the choice of the sectional
curvature k. In contrast, the f(T ) theories have two dy-
namical functions, that are the scale factor and the f(T ).
In this model the scale factor (24) is independent of the
value of k and the universe in its vacuum state behaves
initially same way in the three models k = 0±1. However,
different sectional curvatures affect the f(T ) evolution so
that the theory in the flat case produces just a de Sit-
ter cosmology. Although, the scale factor is independent
of the value of k, the f(T )-theory can be thought of as
an effective cosmological constant in the non-flat cases.
Substituting from the vierbein (15) into (10), we found
a non-vanishing value of the torsion scalar
T = −6H20
(
1− ke
−2H0(t−t0)
a20H
2
0
)
. (26)
The above expression enables to rewrite (25) as
f(T ) = Λe
−T+6H
2
0
12H2
0 . (27)
In Section II, it has been shown that the empty space
(T µν = 0) requires vanishing of the Ricci scalar. This
leads finally to accept the cosmological constant in the
GR field equations to compensate the effect of the vac-
uum density. In f(T ) gravity, the torsion uniquely plays
the main role in the teleparallel geometry so that the
vanishing of the torsion tensor (9) implies the spacetime
to be Minkowiskian. In our investigation here, unlike the
case of the GR, fortunately the vanishing of the mate-
rial distribution in the f(T ) does not imply a vanishing
torsion scalar field (26). This enables us to investigate
the vacuum energy density and explaining it by the tor-
sion contribution. In flat space the teleparallel torsion
scalar (26) reads T = −6H20 . Consequently, the equa-
tion (27) reads f(T ) = Λ which behaves as Λ de Sitter
universe. However, the non flat cases provide a dynami-
cal evolution of the torsion contribution which serves as
an effective cosmological constant. This leads us to con-
sider the torsion as an intrinsic property of our spacetime
itself!
B. Missing ingredient density parameter
Using the scale factor (24) the Hubble and the decel-
eration parameters become
H = H0 = const., q = −1. (28)
Combining (24) and (28) gives a de Sitter universe. Ac-
tually, the de Sitter universe is invariant under time and
space translations so that it does not allow the universe
to evolve. So de Sitter universe could be useful at late
accelerating expansion of the universe. But the early ac-
celerating expansion cannot be exactly a de Sitter. The
general relativistic treatment, which is characterized by
the scale factor only, leads to a de Sitter universe. Fortu-
nately, We are saved by introducing another dynamical
function, f(T ), powered by the evolution of the curvature
density parameter
Ωk = −ke
−2H0(t−t0)
a20H
2
0
. (29)
6In the GR treatment of FRW model, the curvature den-
sity parameter evolves much faster than other density pa-
rameters, which leads the universe to be more and more
curved. On the other hand, all observations show that
the present universe is almost flat. So it is believed that
the best match between observations and GR is by tak-
ing the space to be initially flat, i.e. k = 0. However,
the observations provide a tiny value of Ωk ∼ O(10−5)
but not zero [65]. This could be due to a small initial
scale factor or a large Hubble values. In this theory, the
obtained f(T ) might give a backyard to relax this tough
condition. Moreover, the cosmological constant problem
might impose another tough condition by assuming some
species with a positive vacuum energy are compensated
by others with negative contributions up to 120 decimal
places [66]. So the effective precession is not a trivial
issue.
According to (5), the absence of the material distri-
bution derives the curvature density parameter to be a
unit. However, it vanishes at spatially flat spacetime as it
should! Even in the non-flat cases, the curvature density
parameter decays exponentially to zero. Although this
solution contributes perfectly to solve the flatness prob-
lem, it shows that there is a missing ingredient to hold
the total density parameter at unity
Ωk +Ω(?) = 1, (30)
where Ω(?) expresses the missing ingredient of the
vacuum that we need to investigate. Most cosmologists
assume the flat model seeking a perfect match with
inflation requirements. However, taking the spatial
flatness as a firm prediction of inflation is not quite
accurate. It is easy to show that the smallness of Ωk
can be a result of k ≪ a2H2 as expected at early
universe. Moreover, it has been shown that even with
a relatively large curvature parameter one can gain all
advantages of inflation. Recent work has shown that the
average of |Ωk| . 0.15 at 1σ confidence [67]. Also, it has
been shown that a recognizable correlation between the
modified growth parameters and Ωk where |Ωk| ≥ 0.05.
All these evidences show that the spatial curvature
must be included in the analysis with other cosmological
parameters [68, 69].
On the other hand, what does the missing ingredient
in (30) tell? We need it to oppose the curvature density
parameter. On another word, we need it to act in such
away to compensate Ωk holding the total of the density
parameters at unity! Actually, this is also supported by
seeing the density parameters as probabilities that must
meet the unity when they cover the whole space. Fortu-
nately, we are saved by the torsion contribution to the
Friedmann equations!
(a)closed universe (b)open universe
FIG. 1. The evolution of the curvature and torsion density
parameters vs the redshift z as given by (34) and (35): (a) The
closed universe model shows no overlap of the parameters; (b)
The open universe model shows a transition from curvature
density domination to torsion density of period −1−
√
2
2
H0 6
z 6 −1+
√
2
2
H0 with an expected future transition at z = −1−√
2
2
H0. The Hubble parameter has been chosen as H0 = 10
10.
C. Torsion contribution
Using the pairs (a(t), f(T )) as given by (24) and (25)
in (16) and (17), it is easy to verify the empty space con-
ditions as ρM = 0 and pM = 0. However, using them in
(20) and (21), we evaluate the torsion gravity contribu-
tion to the density and pressure, respectively, as
ρT =
3H20
8pi
(
1 +
k
a20H
2
0
e−2H0(t−t0)
)
. (31)
pT = −3H
2
0
8pi
(
1 +
k
3a20H
2
0
e−2H0(t−t0)
)
. (32)
The flat universe model shows that the effective torsion
density and pressure produce the cosmological constant
perfectly (pT = −ρT ). Now we can define the new pa-
rameter ΩT :=
ρT
ρc
= ρT3H2/8pi to represent the torsion
density parameter. Using equation (31) the torsion den-
sity parameter can be expressed as
ΩT = 1 +
k
a20H
2
0
e−2H0(t−t0). (33)
It is clear that the above expression derives the total
density parameter always to unity as Ωk + ΩT = 1. So
it clarifies the nature of the missing ingredient density
parameter of (30) as the torsion density parameter. We
can redefine the cosmological parameters in terms of the
redshift z. This can be achieved by using (24) into the
redshift-scale factor relation z = a∗a − 1, where a∗ = 1 at
present time. Consequently, we can express the time as
a function of the redshift as
t = t0 +
1
H0
ln
(
1/a0
1 + z
)
.
7Then the curvature and torsion density parameters (29)
and (33) can be expressed, respectively, in terms of z as
given below
Ωk(z) = − k
H20
(1 + z)2, (34)
ΩT (z) = 1 +
k
H20
(1 + z)2. (35)
The evolution of the density parameters shows a battle
between the vacuum Titans: the curvature and the tor-
sion density parameters. Using (34) and (35) enables
to determine the redshift of the equality Ωk = ΩT as
z = −1± H0
√−2k
2k . The plot of the open universe model,
where k = −1, in Figure 1 shows possible past transition
period from curvature dominant universe to torsion dom-
ination epoch at z = −1 +
√
2
2 H0 with expected another
transition at z = −1 −
√
2
2 H0. This period is indepen-
dent of the choice of a0 but depends only on the value of
Hubble parameter H0.
V. DECAYING f(T )-GRAVITY IN NON-FLAT
UNIVERSE
Many major challenges in physics today are present.
What does power the accelerated expansion of our uni-
verse? Why do we accept using the cosmological constant
to explain the vacuum energy? Even if we accept this,
why does our universe so fine-tuned to a tiny positive
value of the cosmological constant today? What mech-
anism enforces the large Planck vacuum density to its
present tiny value? In this work, we argue possible ex-
planation by reconstructing an f(T ) gravity theory in
the absence of matter. We mentioned in the previous
section that f(T ) of the flat space is just a cosmologi-
cal constant. Otherwise, we have different scenarios. It
has been shown that the observations suggest a non zero
curvature density Ωk ∼ O(10−5), which implies a non
flat sectional curvature k 6= 0. As shown by equation
(29) that the curvature density parameter begins with a
large value at some early time ti after Planck time tp,
then it decays to a tiny value at a later time tf . So it is
more convenient to reexpress some functions in terms of
the curvature density parameter. Using (29) the torsion
scalar (26) can be rewritten as
T = −6H20 (1 + Ωk), (36)
similarly, using (25) the f(T ) can be rewritten as
f(T ) = ΛeΩk/2. (37)
The above expressions relate the cosmic evolution to the
decaying behaviour of the curvature density parameter
Ωk. Accordingly, we describe qualitatively the evolution
(a)closed universe (b)open universe
FIG. 2. The evolution of the f(T ) gravity (25): (a) The f(T )
grows exponentially in the closed universe model; (b) The
f(T ) decays exponentially in the open universe model. The
initial conditions have been chosen as t0 = tp = 10
−44 s. Both
show a sudden change at time ∼ 10−12 s. The open universe
model shows a more realistic behaviour, whereas f(T ) decays
from an initial large value of ∼ 2.76 × 1087s−2 to the small
present value of the cosmological constant ∼ 10−30 s−2.
of (29), (36) and (37) as
t ∼ tf ⇒


Ωk ∼ 0,
T ∼ −6H20 ,
f(T ) ∼ Λ.
Now we investigate in particular the evolution of fvac.(T )
quantitatively. Taking suitable values for the constants
in (25) to match the early time of the empty universe. So
we take an initial scale factor a0 = 4.3 × 10−13, Hubble
constant H0 = 10
10 s−1, initial time at Planck time t0 =
tp = 10
−44 s. Also, as f(T ) ∼ Λ at the limit t ∼ tf , we
take the constant Λ = 10−30 s−2 to match the measured
value of the cosmological constant by the cosmological
and astrophysical observations. The plots of Figure 2
show a sudden transition, in f(T ), has a short period
from tp < ti . 10
−12 s to tf ∼ 10−10 s, such that[
f(T )
Λ
]
t<ti
∼ 10±118, while
[
f(T )
Λ
]
t>tf
∼ 1. (38)
We discuss separately each of the non flat models:
(i) In the closed universe model, Figure 2(a) shows
an exponential growth of f(T ) by about 118 orders of
magnitude. This requires a very small initial value of
f(T ) ∼ 3.63× 10−148 s−2 to match the present observed
value of the cosmological constant.
(ii) The more interested case is the open universe
model which contributes to solve the problem of the
cosmological constant. Equation (25) indicates that
f(T ) has a decaying behaviour, so that f(T ) :∼ 2.76 ×
1087 s−2 7→ 10−30 s−2 as t : tp 7→ tf . The plots of Fig-
ure 2(b) show that the time interval of this decay is at
tf ∼ 10−12−10−10 s; then it fixes its value to the present
value of the cosmological constant. The evolution of f(T )
of the open universe model can perform a large value at
the very early universe, while it decays to the present
measured value of the cosmological constant. Moreover,
8the theory can predict the ∼ 117 orders of magnitude be-
tween the two values. Also, the exponential scale factor
(24) strongly provides an inflationary cosmic scenario.
As is well known, the scalar field models are the most
successful description of the inflationary universe. These
models suggest that the early cosmic expansion is pow-
ered by a short lifetime 0-spin particles (inflaton), which
derive the universe to the required entropy. These models
become strongly recommended than ever, in the light of
the Higgs bosons detection at the LHC. Interestingly, the
f(T ) lifetime as predicted by this theory is ∼ 10−12 s.
This result matches the prior range of the scalar field
lifetime.
VI. PHYSICS OF TORSION
The above mentioned illustration might open many
questions. What is the nature of the torsion scalar field?
How dose it contribute to the early or to the later phases
of the universe? What is possible sources of the torsion
scalar field? Does it propagate or not? What does tor-
sion scalar field responsible of? However, we will try to
investigate these questions, some of them are beyond our
research here.
A. Torsion equation of state
We organize this section to answer some of the above
mentioned questions. We evaluate the EoS parameter of
the torsion scalar field to reveal its nature. This can be
done by using (31) and (32), we get a time dependent
EoS as
ωT =
pT
ρT
= −1
3
3a20H
2
0 + ke
−2H0(t−t0)
a20H
2
0 + ke
−2H0(t−t0) . (39)
In non-flat models, the EoS evolves from ωT : −1 7→ − 13
as time runs t : tp 7→ tf for negative Hubble spacetime,
while the more physical case where Hubble parameter
is positive the EoS evolves as ωT : − 13 7→ −1 as time
runs as t : tp 7→ tf . For H > 0 spacetime, the k = −1
EoS shows a sudden singularity, however, it has a unified
asymptotic behaviour matching the flat limit ωT |k=0 =
−1. We summarize the EoS evolution as follows:
ωT =


k = 0, a0, H0 6= 0 ⇒ ωT = −1
k 6= 0, H0 ≤ 0 ⇒ ωT : −1 7→ − 13
k 6= 0, H0 > 0 ⇒ ωT : − 13 7→ −1
Also, we need to mention the only case that the evolution
of the torsion scalar field requires a sudden singularity is
the case of the open universe model (k = −1). Different
evolution scenarios are given in Figure 3. Also, its useful
to express the torsion EoS in terms of Ωk. Substituting
from (29) into (39); then
ωT = −1
3
(
3− Ωk
1− Ωk
)
. (40)
(a)negative Hubble regime (b)positive Hubble regime
FIG. 3. Evolution of the effective torsion fluid EoS (39)
vs. time: (a) The torsion vacuum fluid EoS in the neg-
ative Hubble regime shows a tracker field behaviour which
has a quintessence asymptotic behaviour with EoS parame-
ter ωT → −1/3; (b) The torsion vacuum fluid EoS in the
positive Hubble regime shows an initial quintessence matter
(ωT = −1/3) evolves to cosmological constant in non-flat
models. The EoS parameter shows a sudden singularity at
the open universe model, while it has a non-dynamical be-
haviour in the flat universe model fixed to the cosmological
constant (ωT = −1).
The above equation puts a constraint on the curvature
density parameter Ωk 6= 1. Also, it shows the sensitiv-
ity of the torsion EoS to the evolution of the curvature
density parameter. When Ωk is large enough, i.e. the
pre-inflation period, the torsion EoS ωT → −1/3. The
exponential scale factor (24) derives the universe to the
opposite limit Ωk → 0, i.e. spatially flat like, the tor-
sion EoS ωT → −1 by the end of inflation. So the uni-
verse approaches the de Sitter fate. This showing that
the EoS of the torsion vacuum fluid is trapped in the
interval −1 < ωT < −1/3, which perfectly matches the
requirements of the cosmic accelerating expansion. We
summarize the results of (40) in Table I.
B. Torsion potential of a scalar field
We consider here the physical approach to form the
torsion from a scalar field ϕ(x). We follow the approach
that has been purposed by [70], by introducing sixteen
fields tµi that are called “torsion potential”. These fields
form a quadruplet basis vectors, so we write the following
TABLE I. Torsion vacuum EoS (40) corresponds to the evo-
lution of Ωk
EoS Ωk universe phase
ωT < 0 Ωk < 1 closed or open inflation
Ωk > 3 open inflation
ωT = 0 Ωk = 3 open dust
ωT > 0 1 < Ωk < 3 open radiation
ωT =∞ Ωk = 1 open singularity
9linear transformation:
hi = t
µ
i∂µ, h
i = tiµdx
µ,
the torsion potential tµi and its inverse satisfy
t = det(tµi) 6= 0, tµitiν = δµν , tµitjµ = δji .
Then the torsion can be written as [36, 70]
Tαµν = t
α
i
(
∂νt
i
µ − ∂µtiν
)
. (41)
Generally, the torsion potential tµi can be reformed by a
physical scalar, vector or tensor fields. In the inflationary
models the cosmic inflation is powered by a spin-0 matter,
so it is more convenient to assume the case when the
torsion potential is constructed by a scalar field ϕ(x),
sometimes it is called tlaplon field [71, 72], which serves
as torsion potential. Thus we can reformulate the f(T )
theory in terms of tlaplon field with an FRW background,
so we take
tiµ = δ
i
µe
√
3/2ϕ, tµi = δ
µ
i e
−
√
3/2ϕ,
where ϕ is a non-vanishing scalar field. Then the torsion
is expressed as
Tαµν =
√
3/2
(
δαν ∂µϕ− δαµ∂νϕ
)
, (42)
Kµνα =
√
3/2 (δνα∂
µϕ− δµα∂µϕ) , (43)
where ∂µϕ = gµα∂αϕ. The above equations show that
the torsion trace is proportional to the gradient of the
tlaplon field Tα ∝ ∂αϕ which allows the torsion to prop-
agate in vacuum. Also, this form of the torsion tensor has
been used successfully to couple torsion minimally to any
gauge field [71, 73–75]. Using the above equations and
(11), the teleparallel torsion scalar (10) can be written in
terms of the scalar field ϕ as
T = −9∂µϕ ∂µϕ. (44)
Using equation (44) we apply the procedure appeared in
[36] to map the torsion contribution in the Friedmann
equations into the scalar field (ρT → ρϕ, pT → pϕ). This
leads to reformulate the Friedmann equations of the tor-
sion contribution as an inflationary background in terms
of the scalar field ϕ. At the inflationary epoch the mat-
ter contribution can be negligible, so we consider the La-
grangian density of a homogeneous (real) scalar field ϕ
in potential V (ϕ)
Lϕ = 1
2
∂µϕ ∂
µϕ− V (ϕ). (45)
where the first term in the above equation represents the
kinetic term of the scalar field, as usual, while V (ϕ) rep-
resents the potential of the scalar field. The variation
of the action with respect to the metric gµν enables to
define the energy momentum tensor as
T µν = 1
2
∂µϕ ∂νϕ− gµνLϕ.
The variation with respect to the scalar field reads the
scalar field density and pressure respectively as
ρϕ =
1
2
ϕ˙2 + V (ϕ), pϕ =
1
2
ϕ˙2 − V (ϕ). (46)
The Friedmann equation (18) of the non-flat models in
absence of matter becomes
H2 =
8pi
3
(
1
2
ϕ˙2 + V (ϕ)
)
− k
a2
. (47)
Using (46) it is an easy task to show that continuity equa-
tion of the torsion contribution
ρ˙T→ϕ + 3H(ρT→ϕ + pT→ϕ) = 0,
can be mapped to the Klein-Gordon equation of homo-
geneous scalar field in the expanding FRW universe
ϕ¨+ 3Hϕ˙+ V ′(ϕ) = 0,
where the prime denotes the derivative with respect to
the scalar field ϕ. In conclusion, equation (44) enables
to define a scalar field sensitive to the vierbein field, i.e.
the spacetime symmetry. In addition, equation (46) en-
ables to evaluate an effective potential from the adopted
f(T ) gravity theory. The mapping from the torsion con-
tribution to scalar field fulfills the Friedmann and Klein-
Gordon equations. So the treatment meets the require-
ments to reformulate the torsion contribution in terms of
a scalar field without attempting conformal transforma-
tions.
VII. TORSION GRAVITY AND INFLATION
As is well known, inflationary models relate the infla-
tion beginning and ending to potential and kinetic ener-
gies domination, respectively, of one or more scalar fields.
In the f(T ) vacuum theory, we study the compensation
of the potential and the kinetic energies according to the
evolution of the curvature density parameter. Using (36)
and (44) we write
ϕ˙ =
√
2
3
H0
√
1 + Ωk. (48)
Substituting from (48) into (47); then the potential can
be written as
V (Ωk) =
1
24pi
H20 [9(1− Ωk)− 8pi(1 + Ωk)] . (49)
Also, the curvature density parameter (29) rate of change
can be given as
Ω˙k = − Ωk
2H0
. (50)
Using (48) and (50) the scalar field rate of change with
respect to the curvature density is
dϕ
dΩk
=
ϕ˙
Ω˙k
= 2
√
2
3
H20
√
1 + Ωk
Ωk
. (51)
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FIG. 4. Phase diagram of the kinetic, potential energies and
the scalar field vs the curvature density parameter as given in
(48), (49) and (52), respectively. The closed universe −1 <
Ωk < 0. The flat universe Ωk = 0. The open universe Ωk > 0.
The dot, dashdot and solid lines represent the scalar field, its
kinetic and potential energies, respectively. The initial value
has been taken as ϕ0 = 0, the energy scale on the vertical
axis is normalized to the H20 scale.
Integrating the above equation, we have
ϕ(Ωk) = ϕ0 + 4
√
2
3
H20
[√
1 + Ωk − arctan
√
1 + Ωk
]
,
(52)
where ϕ0 is a constant of integration with a boundary
condition Ωk(tf ) ∼ 0. Using (48), (49) and (52) the
evolution of the scalar field and its kinetic and potential
energies with respect to the curvature density parameter
are represented in the plots of Figure 4. In this f(T )
theory, the dynamical evolution is recognized only in non-
flat regimes, we discuss separately the closed and the
open universe models in the light of the plots of Figure
4.
A. The closed universe
In this model the curvature density parameter Ωk < 0,
the scalar field (52) restricts the curvature density
parameter to [−1, 0] range. On the other hand, the
closed universe model with Ωk < −1 allows only
phantom (ghost) dark energy, i.e. negative kinetic
energy. We reject this portion on the Ωk timeline as is
−1/3 < ωT < −1 in the closed universe model.
Recalling Figure 1(a), the curvature density parameter
evolution towards the flat limit Ωk(tf ) ∼ 0 is associated
with a scalar field growth, Figure 4, with a local maxi-
mum at Ωk ∼ −0.704. After that it decays as evolving
towards the flat universe limit. Also, at Ωk ∼ −1 the
scalar field potential is much greater than its kinetic
energy, V ≫ 12 ϕ˙2, which is suitable for cosmic inflation.
At Ωk ∼ −0.696, the potential and kinetic energies
reach their equality V = 12 ϕ˙
2 allowing cosmic infla-
tion to end. Remarkably, the kinetic-potential equality
is just after the scalar field approaches its local max-
imum on the Ωk-timeline; then the results are consis-
tent so far. During the period Ωk = [−0.696, 0] the
scalar field decays towards its minimum at the flat uni-
verse limit as Ωk(tf ) ∼ 0 with kinetic dominant universe.
From (47) and (48), obviously the potential is negative
as Ωk >
9−8pi
9+8pi ∼ −0.473, the universe may enter a recol-
lapse phase. At the flat universe limit the positive and
negative energies almost compensate each other.
B. The open universe
In this model the curvature density parameter Ωk > 0,
the scalar field (52) does not restrict the curvature
density parameter to a particular range. On the
other hand, the open universe model does not allow
ghosts as the scalar field kinetic energy is always positive.
Recalling Figure 1(b), the curvature density parameter
evolution towards the flat limit Ωk(tf ) ∼ 0 is associated
with a scalar field decay, Figure 4, towards the flat
universe limit. Also, at Ωk ≫ 1 the scalar field potential
is much greater than its kinetic energy, V ≫ 12 ϕ˙2, which
is suitable for cosmic inflation.
At Ωk = 1, the potential and kinetic energies reach
their equality V = 12 ϕ˙
2 allowing cosmic inflation to end.
The end of inflation is associated with a reheating process
to transform the energy source of inflation into heat al-
lowing transition to radiation dominated era with enough
entropy. This result is in agreement with the results in
Table I, where the positive EoS is allowed only at open
universe as Ωk → 1. Back to Figure 4, the 0 < Ωk < 1
range allows a kinetic dominant universe which is suitable
for galaxy formation. However, the universe will not en-
ter a recollapse phase. Finally, the open universe model
always seeking for a flat like limit allowing the positive
and negative energies to compensate each other which
is very similar to the end of inflation epoch with almost
fixed scalar field background.
C. Gravitational quintessence model
In order to express the potential in terms of the scalar
field, we use (49) and (52); then the potential normalized
to H20 is
V (ϕ) = V0 +
1
2
(
ϕ−
√
2/3ζ(ϕ)
)2
, (53)
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FIG. 5. The allowed real scalar field: The potentials V1, V2+
and V3 correspond to (54), (55) and (56), respectively.
where V0 =
3
8pi , and ζ(ϕ) is at which tan
2 ζ = 32ϕ
2 +
6ϕζ + 6ζ2. We take ζ small enough so that tan ζ ≈
ζ + 13ζ
3 + O(ζ5); then the potential (53) might read six
different versions of the vacuum potential:
V1± = V0 +
ϕ2
2
+
1
2
3
√
±4ϕ2 + 3
√
±2ϕ4, (54)
where the ± denotes two different potentials. In the real
scalar field case, the V1+ potential allows inflation only
ϕ > 0 plateau, while the potential V1− allows inflation
only at ϕ < 0, see Figures 5. If we consider the complex
scalar field case, the projection of the potential of Figure
6(a) in the real domain of the scalar field shows slow
roll pattern, while potential projection in the imaginary
scalar field domain appears as quadratic models. Also,
we evaluate the potential
V2 = V0 +
ϕ2
2
−
3
√
4
4
(
√
3ℑ+ 1) 3
√
ϕ2
+
3
√
2
2
(
√
3ℑ− 1) 3
√
ϕ4, (55)
where ℑ = √−1. The V2 potential similar to the V1−
allows inflation only at ϕ < 0 for the real scalar field case.
The complex scalar field case are given in Figure 6(b).
The projection in the real domain of the scalar field shows
slow roll model, while its projection in the scalar field
imaginary domain shows the old inflation model where
potential shows a tunneling event from the high energy
false vacuum to the true vacuum. Moreover, we evaluate
V3 = V0 +
ϕ2
2
− ϕ√
6
Ξ2 − 8
Ξ
+
1
12
[
Ξ2 − 8]2
Ξ2
, (56)
where Ξ :=
[
6
√
6ϕ+ 2
√
128 + 54ϕ2
]1/3
. The plot of the
V3 potential, Figure 5, allows the real scalar field in the
full domain (−∞ < ϕ < ∞) providing a quadratic-like
TABLE II. The local minima of the potentials (54)-(57)
The potential Local extremae at ϕ
V1± −1.70 × 10
−10 ± 0.27ℑ
−3.17 × 10−10 ± 1.41ℑ
V2 −3.61 × 10
−10 − 1.41ℑ
−9.66 × 10−11 + 0.27ℑ
V3 0
−3.69 × 10−11 ± 1.36ℑ
V4± +5.99 × 10
−11 ± 1.41ℑ
−7.90 × 10−12 ∓ 1.54ℑ
inflation model. Interestingly, if complex scalar field is
allowed, the V3 model is quadratic at high energy. But
the potential has two minima at the ground state just
like Higgs potential, see Figure 6(c). Finally, we evaluate
other two versions of the vacuum potential
V4± = V0 +
ϕ2
2
+
ϕ
2
√
6
[
(Ξ2 − 8)±√3ℑ(Ξ2 + 8)]
Ξ
+
1
48
[
(Ξ2 − 8)±√3ℑ(Ξ2 + 8)]2
Ξ2
, (57)
the V4± potentials require the scalar field to have only
complex value, See Figure 6(d). The scalar field of the
minimum potential are investigated and summarized in
table II.
(a)The potential V1± (b)The potential V2
(c)The potential V3 (d)The potential V4±
FIG. 6. The 3D potential vs. both real and imaginary parts
of the scalar field: (a) The side face shows that the imaginary
part of the scalar field is a slow roll potential, while the front
face shows that the real part of the scalar field is a quadratic
potential; (b) The complex potential shows Higgs features.
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VIII. FINAL REMARKS
In this work, we reinvestigate the FRW universe in
the absence of ordinary matter when it is governed by
the f(T ) gravity. Fortunately, reformulation of the FRW
model within f(T ) gravity framework does not imply
vanishing of the teleparallel torsion scalar. This enabled
to study the vacuum energy density in different context
without imposing an artificial cosmological constant.
We summarize the results of the f(T ) theory in the
following points:
(i) The solution of the f(T ) field equations in the
absence of matter gives an exponential scale factor which
characterizes the cosmic inflation (de Sitter) models.
Also, the field equations enable to construct an exact
f(T ) gravity theory of an empty universe. However,
the curvature density parameter in the non-flat space
models decays to flat space limit Ωk → 0, the torsion
contribution in the Friedmann equations compensates
exactly the missing ingredient of vacuum keeping the
total density parameter to chase the unity as required
by inflationary models and by cosmic and astrophysical
observations as well.
(ii) The flat space model gives Λ de Sitter universe,
where the f(T ) acts just like the cosmological constant.
The flat model is invariant under time and space trans-
lations so that the universe cannot evolve. Actually, the
flat model might be useful at late cosmic evolution but
early universe cannot be exactly de Sitter. On the other
hand, the f(T ) of the non flat models have dynamical
evolutions. In particular, the open universe model
gives an exponentially decaying f(T ). Remarkably,
the f(T ) has much larger value at early universe than
its present value by ∼ 118 orders of magnitude. This
contributes directly to solve the fine-tuning problem of
the cosmological constant.
(iii) We assume that the torsion vacuum is governed
by perfect fluid EoS. The f(T ) theory can predict an
initial quintessence field ωT = −1/3 with a de Sitter
fate ωT = −1 in the H > 0 spacetime regime, while The
EoS parameter evolves from −1 → −1/3 in the H < 0
spacetime regime similar to the tracker field models. As
is clear that the torsion vacuum fluid violates the energy
conditions providing different inflationary scenarios.
However, the torsion EoS shows a sudden singularity at
the open universe model allowing ωT > 0 at some early
time.
(iv) Instead of using the perturbation technique,
we consider the case of the propagating torsion when
the tlaplon field serves as a torsion potential. This
treatment enabled us to induce a scalar field sensitive to
the vierbein field, i.e. the spacetime symmetry. Also,
it enabled to construct an effective potential from the
f(T ) gravity theory. This treatment enabled us to
reformulate the vacuum theory in terms of a scalar field
ϕ in a potential V (ϕ).
(v) The phase diagram plots of the induced teleparal-
lel scalar field, its kinetic energy and effective potential
vs. the evolution of the curvature density parameter
timeline set some restrictions on the cosmic evolution
in the non flat models. The closed universe model
rejects the Ωk ≤ −1 as it allows phantom (ghost) dark
energy. The cosmic evolution is powered by V ≫ 12 ϕ˙2
at the period −1 < Ω < −0.696 which derives the
universe to cosmic inflation epoch. The kinetic and
potential equality at Ωk ∼ −0.696 just after the scalar
field starts to decay at Ωk = −0.704 which provides the
required condition to end the inflation. The potential
goes to negative values at Ωk < −0.473. The scalar
field decaying rate decreases as the cosmic universe goes
to its flat fate. In the open universe the early cosmic
acceleration is powered by vacuum potential at Ω ≫ 1,
while the inflation ends, at V = 12 ϕ˙
2 equality, at Ωk = 1
which matches the sudden singularity of the torsion EoS.
This indicates phase transition to radiation dominant
universe as required by the end of the inflation epoch
through reheating process. at 0 < Ωk < 1 the universe
goes to kinetic energy dominant phase which has an
important impact on the large scale structure and the
galaxy formation. The teleparallel scalar field shows a
decaying behaviour at all time. However, its decaying
rate decreases as the universe evolves towards the flat
limit Ωk → 0.
(vi) We evaluated six different versions of the effective
potential. By considering only the real scalar field
contribution we get a quadratic like inflation model.
Interestingly, if we allow the complex scalar field con-
tribution, one of the solutions gives Higgs like inflation
model.
In conclusion, we find that the gravity formulation in
the teleparallel geometry is capable to give much better
descriptions of gravity. The f(T ) theory in the absence
of matter allows the universe to evolve only in non-flat
cases. Moreover, it suggests that the universe should
be open hyper-sphere allowing the f(T ) to evolve as a
decaying cosmological constant. Furthermore, the the-
ory enforces the universe to seek the flat limit Ωk ∼ 0
at present which matches the observations requirements
without imposing the flat condition k = 0. On the other
hand, the induced tlaplon field shows remarkable effec-
tive potentials of vacuum. These potentials need more
investigations to match possible energy scales of the ex-
perimental physics.
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